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A NON-LOCAL PROBLEM WITH
DISCONTINUOS GLUING
CONDITION FOR A LOADED
WAVE-DIFFUSION EQUATION INVOLVES
# FRACTIONAL DERIVATIVE.
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ABSTRACT: In this work an existence and uniqueness of solution of non-local boundary
value problem with discontinuous matching condition for the loaded parabolic-hyperbolic
equation involving the Riemann-Liouville fractional derivative have been investigated. The
uniqueness of solution is proved by the method of integral energy and the existence is proved
by the method of integral equations.

Annotatsiya: Ushbu ishda Rimann-Liuvill kasr hosilasi ishtirokidagi yuklangan
parabolik-giperbolik tenglama uchun uzlukli ulash shartli nolokal chegaraviy masala
yechimining mavjudligi va yagonaligi o‘rganildi. Yechimning yagonaligi integral energiya
usuli bilan, mavjudligi esa integral tenglamalar usuli bilan isbotlangan.

Key words and phrases: Loaded equation, wave-diffusion equation, Riemann-Liouville
fractional derivative, existence and uniqueness of solution, non-local condition, discontinuous
matching condition, integral energy, integral equations..

Introduction.
Notice, that the modeling of many phenomena in various fields of science and

engineering reduce to the fractional differential. We can find numerous applications in
viscoelasticity, neurons, electrochemistry, control, porous media, electromagnetism, etc., (see
[1-6]). There has been significant development in fractional differential equations in recent
years; see the monographs of A.A. Kilbas, H.M. Srivastava, ]J.J. Trujillo [7], K.S.Miller and
B.Ross [8], I.Podlubny [9], S.G. Samko, A.A. Kilbas , O.I. Marichev. [10] and the references
therein.

Very recently some basic theory for the initial boundary value problems of fractional
differential equations involving a Riemann-Liouville differential operator of order 0 <« <1
has been discussed by L. Lakshmikantham and A.S. Vatsala [11, 12]. In a series of papers (see
[13, 14]) the authors considered some classes of initial value problems for functional
differential equations involving Riemann-Liouville and Caputo fractional derivatives of order
0 <a <1: For more details concerning geometric and physical interpretation of fractional
derivatives of Riemann-Liouville and Caputo types [15].

There are many works [16-19], devoted to the studying of boundary value problem
(BVP)s for parabolic-hyperbolic equations, involving fractional derivatives. BVPs for the
mixed type equations involving the Caputo and the Riemann-Liouville fractional differential
operators were investigated in works [20-22].

This paper deals the existence and uniqueness of solution of the non-local problem with
discontinuous matching condition for loaded mixed type equation involving the Riemann-
Liouville fractional derivative.

Problem formulation.
We consider the equation:

0= (1)

{uxx —Dju+ p(x,y,u), aty>0

u, —u, +q(x,y,u), at y<0
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with operation [1],[22]:

1 d |
Diu=————\(y—1) “u(x,t)dt
Y TI(l-a) dy-(.)‘ , o)

POy = pCey)lim [ (v =0 uCx.0di
0 / (3)

x—y

g6 )=, (x.) [ 0=y =0 u(z,~O)r
0 . 4)

Let us, 2 is domain, bounded with segments: 4.4, = {(x,y): x=1,0< y <h},

BB, ={(x,»): x=0,0<y<h}, B,A ={(x,y): y=h,0<x<1} atthe V>0,
and characteristics: 4C:x—y=1; B,C:x+ y=0 of the equation (1) at y <0,

where 4, (1;0), 4, (1;4), B, (0;0), B, (0;), c(%;_%)

X X
We enter designations: 0(x) =6 (5 > —E) .

1
Q" =Qn(>0), QO =Qn(¥y<0), [, :{x:§<x<1}, I, ={y:0<y<hj.
In the domain of € the following problem is investigated.

Problem I. To find a solution u(x, )’) of the equation (1) from the following class of

functions:
W= {u L DY u(x,y) € C(QN), u(x,y) e C(Q)NC*(Q) ,u, e C(Q"), DiueC(Q" U 1)}
satisfies boundary conditions:

()| yay =2(0), 0Sy<h,  w(x))|g5 =0 (), 0<y<h, ()

diu (G(x)) = a(x)u,,(x,—0) + b(x)u, (x,—0) + c(x)u(x,-0) + d(x), xel,. (6)
x
and gluing conditions:
lim ™ ux,y) = u(u, (x,-0), 7)
lim " (Y u(x,)) = A(0u, (x,-0), (x,0) < 45, (8)
y—>+0 y

where @,(y), a(x), b(x),c(x),d(x), pu(x) and A(x) are given functions, besides
H(x),A(x)#0 Vxe[0,1].

Method of investigation.

In order to complete prove well-posedness (correctness) of the formulated, required to
uniqueness and existence of solution of the posed problem. Uniqueness of the Problem I is
proved using by the method of integral energy and the existence is proved by the method of
integral equations.
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We assume, that ¢,(x,y)=—¢(x+ y)-¢q (x—y), then the equation (1) at ¥ <0 on
the characteristics coordinate {=x+y and 7=x—y totally looks like:

=51 0 )j it

dt

)

Let’s enter designations: u(x,—0)=17 (x), 0 S x<1;u,(x,-0)=v"(x),0<x<I.

Known, that solution of the Cauchy problem for the equation (1) in the domain of €2~
can be represented as follows:

u(x,y) = T (x+Y) ; T (x—Yy) _lxj'yv—(t)dZJr
T | q(r:)d«:j g “)) . ©)
After using condition (6) and takmg (3) into account from (9) we will get:
(¢
(a0 + 1)y (9= 34" 4 j s

(1 - 2b(x))z' (x)—2c(x)T (x) — 2d(x)

Functional relation (10) we can rewrite as:

(10)

(2a(x)+1)v (x)= Q(x)J- _()) dt+(1 2b(x))z' (x) —2c(x)7(x) —2d(x)

where O(x) = j 7(E)dE .

0

lim 3™ (' “u(x,p)) =v*(x)
Considering designations 7" (x) = llmDa u(x,y), 10 y

and hr% Dy, "f(y)= F(O{)llrrg Y7f() glumg condition (7) , (8) we can rewrite as
' (x) =) u(x)7" (%) , Vi) =4 (x)v (x). (11)

Further from the Eq. (1) at y —+0 owing to account (2), (11)
we get [20]:

H)T" (x) =T (@) AW (%) + ((x) p(x) + 1" (x)7(x) =0 (12)
where 7(x) =7 (x), p(x)= hmD“ T p(x,p).

Main Result-1. The Uniqueness of solution of the Problem I.
Theorem 1. If satisfies conditions

0(0) 40

>0, s+ P50, (13)

2a(0)+1 u(0) (x)
[ 0(x) X(X)jlzo ) A g [1_2[’(’6) ’l(x)],so (14)

"2a(x)+1 u(x)

2a(x)+1 u(x) 2a(x)+1 u(x)
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then, the solution u(x, y) of the Problem I is unique.

Proof. Known, that, if homogeneous problem has only trivial solution, then we can state
that original problem has unique solution. For this aim we assume that the Problem I has two
solutions, then denoting difference of these as u(x,y) we will get appropriate homogenous

problem.
Equation (12) we multiply to 7(x) and integrated from 0 to 1:

jr"(x)r(x)dx - r(a)j jlgg

(x)= H(x) p(x) + p"(x)
H(x)

We will investigate the integral

I= F(a)f j;gc; T(x)v (x)dx — Ir2 (x)p,(x)dx =0.

0

() (x)dx +[ 77 (x) py (x)dx =0, (15)

Where p,

Taking (10) into account d(x) =0 we get:
1= F(“)zr@ j ) A0 LDy e(x)d + F(a)j 12 2600) 20 1oy ()l -

2a(x)+1 pu(x) 2a(x)+1 p(x)
—2F(a)j; 2ac(§;)+ 1 iﬁg 22 (xX)dx — :[2'2 (x) p, (x)dx =

_ ”2“) j 26%’;1 1 fx T(x)dx_.: (=) ()i + ”2“) j ;;(fg(ﬁ fli’; ; d(7(x)) -
—2r(a)i 2ac(§;)+ 1 jl g ; 22 (xX)dx — Irz (x) P, (x)dx. (16)

Considering 7(1)=0,7(0)=0 (which deduced from the conditions (4), (5) in
homogeneous case) and on a base of the formula [23]:
1 T
_[27 ‘cos[z(x—t)]dz, 0<y<1

F(}/)cos7

after some simplifications from (16) we will get:

[= v ;(.“)”Q&(O) iﬁg; Tzf" [( [z cosztdzJ + Ur(t) sin ztdtj ]dz +
sin > (2a(0)+1) 0 0 0

L@ F s, (o]0 0@ 7 oY
4F(1—5)sin”5}[2 dzi aXL(x) Mx)ﬂml T(f)COSZfdf) +u f(t)smztdz) }dx
2

ot =

D@ (A 1=260) e A Lo
) e (X)(,u(x) 2a(x)+1j o 2F(a)£ 2000 1 ()" Y

0




Alfraganus

1 (6) 2024 xalqaro ilmiy jurnali @
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Thus, owing to (13),(14) from (17) it is concluded, that 7(x)=0. Hence, based on the
solution of the first boundary problem for the Eq.(1) [21],[26] owing to account (4) and (5) we

will get u(x,y)=0 in Q' Further, from functional relations (10), taking into account 7(x) =0

we get that v~ (x) = 0. Consequently, based on the solution (9) we obtain u(x,y)=0 in closed

domain Q.
Main Result-2. The existence of solution of the Problem I.

Theorem 2. If satisfies conditions (13), (14) and
Y000 eC(L)NC (1) (=12), a(x.)eC(Q). p(x0.0() € C(4B)NC*(48), (18)

/I(x)eC(I_l)mCl([l)’ ﬂ(x)ec(l_l)mcz(ll) a(x), b(x), c(x), d(x)eCl( )mcz( 1) (19)

then the solution of the investigating problem exists.
Proof. Taking (10) into account from Eq. (12) we will obtain

7"(x) = A(X)7'(x) = f(x) = B(x)7(x) (20)
where
Fx)= [(a)(8)A(x)QO(x) D)+ 2l (a)d(x) A(x) 21
2Qa(x)+Du(x) ™ 2a(x)+1 u(x)
_ T(a)(1-2b(x)) A(x) _2T(@)e(x) Ax)
A= o a2 T a0 P #)
Solution of the equation (20) together with conditions
7(0)=¢,(0), 7(1)=¢,(0) (23)
has a form
7(x)= 4 (x){ [(Boye() - f@0)Ai(t)dr + 2! © (1(?2 (O)J
- i((f)) [(B0r0-0) f) dt + j By(t) - (1)) 8 di+g0) @
where

A4 (x)= IeprA(z)dzjdt (25)

0
Further, considering (21) and using (3) from (24) we will get:

r(x) = Al(x)ﬁAl’(t)B(t)r(t)dt - F(za) j 0041 A1) drj(r _ S)“r(s)ds} +

Y 2a(r)+1 u(r)
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LA AW A0 )
A1) I A7 )B(zf)r(t)dr + ! 10 B(f)r(¢)dt

A0 [ AD 4 OO 20 ]
A(l) A(t) 22a(t) +1) u(t)

0

B A1) o) A, sa
(@) ! 70 dt ! [2(2a(t)+1) o (t—s) }r(s)ds+ £ (24)
where
7 (x):(l_Al(x)j Tzlj(a)d(t)Al(t) AW e oy (X)j dOA4WD A0
AQ) ) AOQa(t) +1) w(?) ) 2a(t) +1 u(r)
A ) IZF(a)d(f)Al(l‘) A1) Ji— A (x) (0,(0) = 9,(0)) + ,(0) 25)

A1) 5 AOQa@)+1) p@®) A1)

After some simplifications (24) we will rewrite on the form:

7(x)= 4 r(z)[A;(t)B(z) - r(za) [ %Ezf;ﬁ ) iig (s—1)"" ds}dt T

(4@ _
+ ! 20 B(t)z(t)dt
L@ o F A O6) A) s
5 -!T(t)dt-!A'(s) 2a(s) 41 1(s) (s—0)"ds
A ) IA(t)

A1) 5 4()

AW A()[ O(s)s — 1) A(s)
e (1)I (] A{(s){ 2(a(s) +1) u(s)}d”fl(x)

B(t)z(t)dt -

i.e. totally, we have integral equation:
1
r(x) = j K(x,0)r(t)dt + f,(x). (26)
0
Here

{Kl (x,0); 0<¢<x,
K(x,t)= (27)

K, (x,t); x<t<l1.
_ (@) { A)Q()(t =) 4,(s)
K== j e D [ A A(s) + (S)j
oy, A A(x)A4) B
{A‘ A 20 a0 A0 ]B(t)
) A [ 4G Q=0 )
A(l) Al(s) 2Qa(s)+1) u(s) , (28)
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K, (x.) =—AAD gy 1y A JA(s) 060" A 4 g
T ADA D AW A6 220+ ) ute)

Owing to class (18), (19) of the given functions and after some evaluations from (28), (29)
and (25), (27) we will conclude, that,

Since kernel K(x,?) is continuous and function in right-side F(x)is continuously

<const.

<const,

differentiable, solution of integral equation (26) we can write via resolvent-kernel:

o(x) = fi(x) — [RGx.0) £ (), (30)

where R(x,?) is the resolvent-kernel of K(x,?).

Unknown functions v (x) and v"(x) we will found accordingly from (10) and (11):

Y= 20T je—o ldzjsn(z s+ 52O Je—o o+
1 2b(x) 1-2b(x) { OR(x,1) _ 2e(x)
a1 2a(x)+1~([ St =

ZC(x) 2d(x)
a0+ 1Jm( OSOd=

and vi(x)=Ax)WV (x).

Solution of the Problem I in the domain " we write as follows [21]

u(x,y) = [ G.(x,3,0,)@(m)dn - [ G, (x,y,L,mp,(n)dn + [ Gy(x = £, y)7* (§)dé -

‘J j G(x,,0,m)p (&, mT" (§)dSdn

Yy
Here GO (x — g,y) = J‘n_aG(xaya §5 77)d77a

I'l-a)sy
)t & —&+2 +&E+2
Gyt =B [@]; [@]
2 = (y—n) (y—n)

Is the Green’s function of the first boundary problem Eq. (1) in the domain Q" [27],

0

Z n'F(5 on)

n=

is the Wright type function [27].
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Solution of the Problem I in the domain ()~ will be found by the formulate (9). Hence,

the Theorem 2 is proved.
Conclusion. Under certain conditions for given functions, the uniqueness and existence
of the formulated problem is proved. Investigated problem generalizes a number of local

problems with continuous and discontinuous gluing conditions.
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